We introduce augmented and restricted base loci of cycles and we study the positivity properties naturally defined by these base loci.
Theorem 1. Let X be a projective variety of dimension n and let k be an integer such that 1 ≤ k ≤ n − 1. Then P k (X) is a convex full-dimensional cone in N k (X). Moreover, if X is smooth and k < n 2 + 1 or k = n − 1, then P k (X) is also open. We will comment later on about the condition k < n 2 + 1, which is quite unnatural and conjecturally not necessary. We also want to observe that a variety may have rank one and therefore, in some sense, the opennes of P k (X) is not at all accounted for by complete intersection of ample divisors.
Our answer to the above questions is given in the following two results. As for the augmented base locus we have Theorem 2. Let X be a projective variety of dimension n, let k be an integer such that 1 ≤ k ≤ n − 1 and let α ∈ N k (X). Then (i) B + (α) X if and only if α is big; (ii) B + (α) = ∅ if and only if α ∈ P k (X).
We observe that while (i) is the same as in the case of divisors, (ii) introduces a novel positivity property of cycles which, in some sense, resembles ampleness of divisors.
As for the restricted base locus we have Theorem 3. Let X be a projective variety of dimension n, let k be an integer such that 1 ≤ k ≤ n − 1 and let α ∈ N k (X). Then (i) If B − (α) X, then α is pseudoeffective;
(ii) If α is pseudoeffective and the base field is uncountable, then B − (α) X;
(iii) If B − (α) = ∅, then α ∈ P k (X); (iv) If X is smooth, k < n 2 + 1 or k = n − 1 and α ∈ P k (X), then B − (α) = ∅. Again (i) and (ii) resemble the case of divisors, while (iii) and (iv) give more information on the cone P k (X).
The hypothesis k < n 2 + 1 is used only in one point in the paper (see Lemma 5.2), where we use an old result of Kleiman to assure that there are smooth k-dimensional subvarieties whose classes are a basis of N k (X). As it is clear from the sequel, it is actually enough to have a basis of lci subvarieties and that this holds for every k is actually an open problem. In [MV, Conj. 2.1] it is conjectured to hold for rational equivalence, whence also for numerical equivalence.
We would like to thank J.C. Ottem for several helpful conversations.
Notation
A variety is by definition an integral separated scheme of finite type over a field. Throughout the paper X will be a projective variety of dimension n ≥ 2 defined over an arbitrary algebraically closed field and k will be an integer such that 1 ≤ k ≤ n − 1. In some cases we will require that X is smooth and k < n 2 + 1. Whenever countability arguments are required, in Theorem 3(ii), Proposition 9.2, Remark 9.3 and Corollary 9.4, we will need the base field to be uncountable.
The cone of effective k-cycles will be denoted by Eff k (X); the cone of pseudoeffective k-cycles is Eff k (X) and the cone of big k-cycles is Big k (X) := Int(Eff k (X)).
The case of divisors
In this section we verify that, in the case of divisors, the definitions of augmented and restricted base loci can equivalently be given using numerical base loci.
The stable base locus of D is
The numerical stable base locus of D is
The augmented base locus of D is
and the restricted base locus of D is
where A runs among all ample R-Cartier R-divisors on X.
We recall that B − (D) ⊆ B(D) ⊆ B + (D) (as in [ELMNP1, Ex. 1.16] ). As for the relation with numerical base loci, we have
where in (ii) and (iii) A runs among all ample R-Cartier R-divisors on X.
and this proves (i). To see (ii) and (iii) observe that by (i) we get both inclusions ⊇. Now let x ∈ B + (D). For any ample R-Cartier R-divisor A on X we have that either |D − A| num = ∅ and then
and this proves (ii).
Finally let x ∈ B − (D). By [ELMNP1, Lemma 1.14] there is an ample
and this proves (iii).
In particular we check that, when Cartier and Weil divisors coincide, the two notions of base loci, associated to a Cartier divisor and to its class, are the same.
Corollary 3.3. Let X be a locally factorial projective variety, let D be a Weil R-divisor on X and let [D] ∈ N n−1 (X). Then
Proof. Follows by the definitions and Lemma 3.2.
Properties of base loci of cycles
We start by collecting some basic properties.
Proof. Let x ∈ B num (α). If |bα| num = ∅ then x ∈ X = B num (bα); if |bα| num = ∅, for every e ∈ |bα| num we have that 1 b e ∈ |α| num , whence x ∈ Supp( 1 b e) = Supp(e). But then x ∈ B num (bα). Therefore B num (α) ⊆ B num (bα) for every α ∈ N k (X) and b ∈ R + . Hence also B num (bα) ⊆ B num ( 1 b (bα)) = B num (α) and (i) is proved. To see (ii) let x ∈ B num (α + β) and assume that x ∈ B num (α), so that there exists e ∈ |α| num such that x ∈ Supp(e). If |β| num = ∅ then x ∈ X = B num (β); if |β| num = ∅, for every f ∈ |β| num we have that e + f ∈ |α + β| num , whence x ∈ Supp(e + f ), and therefore x ∈ Supp(f ). Hence x ∈ B num (β) and (ii) is proved.
Next we observe that base loci are nested.
Proof. Let A 1 , . . . , A n−k be any ample R-Cartier R-divisors on X. Since B num ([A 1 · · · A n−k ]) = ∅, by Lemma 4.1(ii) we have that
and the lemma follows by Definition 1.1.
We now need two analogues of [ELMNP1, Prop.1.5] . 4 Proposition 4.3. Let A 1 , . . . , A n−k be ample R-Cartier R-divisors on X and let α ∈ N k (X). For any ample R-Cartier R-divisors A ′ 1 , . . . , A ′ n−k on X there exists an ε 0 > 0 such that for every 0 < ε ≤ ε 0 we have
and, setting t = t 1 · · · t n−k
By (i) we can choose ε 0 > 0 such that for every 0 < ε ≤ ε 0 we have
Since the other inclusion follows by Definition 1.1, we get (ii).
We have the following consequences. First we prove Theorem 2.
. Now assume that α is big. Then, given an ample Cartier
On the other hand, assume that B + (α) = ∅ and let A be an ample Cartier divisor on X. By Proposition 4.3 there is an ε > 0 such that
Moreover we have
Corollary 4.4. Let α, β ∈ N k (X). Then
Proof. Let A be an ample Cartier divisor on X. By Proposition 4.3 we can choose an ε 0 > 0 such that
We also need an analogue of [ELMNP1, Prop. 1.19 ].
Proposition 4.5. Let α ∈ N k (X) and let A 1 , . . . , A n−k be ample R-Cartier R-divisors on X. Then
But then, using Lemma 4.1(ii),
and therefore
The other inclusion follows by definition of B − (α). 6 We also need the following two results (an analogue of [ELMNP1, Lemma 1.14] and of [ELMNP1, Rmk. 1.20] ).
Proposition 4.6. Let α ∈ N k (X). Then
where A 1 , . . . , A n−k run among all ample R-Cartier R-divisors on X.
Proof. Let A 1 , . . . , A n−k be any ample R-Cartier R-divisors on X. Let A be an ample Cartier divisor on X. By Proposition 4.3 we can choose an ε 0 > 0 such that
The other inclusion follows by definition of B − (α) and Lemma 4.2.
Moreover, we can make the above union a countable one.
Proposition 4.7. Let α ∈ N k (X) and let A 1 , . . . , A n−k be ample R-Cartier R-divisors on X. Then
Proof. Let A ′ 1 , . . . , A ′ n−k be any ample R-Cartier R-divisors on X. By Proposition 4.3 we have that
and therefore 
). The other inclusion follows again by Proposition 4.6. 7
Proof of Theorem 1
We first need three lemmas.
Lemma 5.1. Let E be a vector bundle of rank r and let A be an ample Cartier divisor on X.
(
Proof. To see (i), the assertion being obvious if r < n − k, assume that r ≥ n − k. Let x ∈ X and pick general sections τ 0 , . . . , τ r−n+k ∈ H 0 (E). Then they are linearly independent in x and therefore x does not belong to their degeneracy locus, which, as is well-known [F, Examples 14.3.2 and 14.4 .3], [EH, Lemma 5.2] , represents [c n−k (E)]. This proves (i). To see (ii) observe that we can write
and, using Lemma 4.1, we see that this belongs to P k (X) since (i) implies that
Lemma 5.2. Assume that X is smooth and that k < n 2 + 1.
Proof. This follows by [K, Thm. 5.8 ].
Lemma 5.3. Assume that X is smooth and let V be a smooth subvariety of X of dimension k with 1 ≤ k ≤ n − 2. Let A be an ample Cartier divisor on X and let m ≫ 0. For every
Proof. Let m ≫ 0 be such that I V /X (mA) is globally generated and H 1 (I 2 V /X (mA)) = 0. If x ∈ V , then for a general choice of D 1 , . . . , D n−k−1 , we actually have that x ∈ Y . Now suppose that x ∈ V . Since (I V /X /I 2 V /X )(mA) is also globally generated and has rank n − k, there are σ 1 , . . . , σ n−k−1 ∈ H 0 ((I V /X /I 2 V /X )(mA)) such that they are linearly independent in x. From the exact sequence
Hence df 1 , . . . , df n−k−1 are linearly independent in x, that is x ∈ Sing(Y ), where Y is the complete intersection of the divisors D 1 , . . . , D n−k−1 associated to f 1 , . . . , f n−k−1 .
We now proceed to prove Theorem 1.
Proof. By Lemma 4.1 we see that P k (X) is a convex cone. Let p = dim N k (X). It follows by [J, Cor. 2.5 .2] (see also [FL4, Rmk. 2.2] ) that there are vector bundles E 1 , . . . , E p on X such that {[c n−k (E 1 )], . . . , [c n−k (E p )]} is a basis of N k (X). In particular rk E j ≥ n − k for all 1 ≤ j ≤ p. Let A be an ample Cartier divisor and let m 0 be such that E j (mA) is globally generated for all 1 ≤ j ≤ p and for all m ≥ m 0 . Now let {φ 1 , . . . , φ p } be a basis of N k (X) ∨ . Then the matrix (φ i ([c n−k (E j )])) is nondegenerate, whence so is the matrix (φ i ([c n−k (E j (mA))])) for m ≫ 0, because its determinant is a non-zero polynomial in m. Therefore {[c n−k (E 1 (mA))], . . . , [c n−k (E p (mA))]} is a basis of N k (X). On the other hand, [c n−k (E j (mA))] ∈ P k (X) for all 1 ≤ j ≤ p by Lemma 5.1(ii) and therefore P k (X) is fulldimensional in N k (X). Now assume that X is smooth. If k = n − 1 it folllows by Lemma 3.2(i) that P n−1 (X) = Amp(X), whence it is open. Suppose next that k < n 2 + 1 and k ≤ n − 2.
By Lemma 5.2 there are V 1 , . . . , V p smooth subvarieties of X of dimension k such that {[V 1 ], . . . , [V p ]} is a basis of N k (X). To see that P k (X) is open it is enough to prove that, if α ∈ P k (X), then there is a δ > 0 such that
Let A 1 , . . . , A n−k be ample R-Cartier R-divisors on X and let β ∈ N k (X) such that B num (β) = ∅ and
For j = 1, . . . , n − k we can write A j = c j A ′ j + A ′′ j with c j ∈ R + , A ′ j ample Cartier divisor and A ′′ j zero or ample R-Cartier R-divisor. Let A be a very ample Cartier divisor and let s j be such that
where γ ∈ N k (X) is a class that is either zero or sum of intersections of n − k ample R-Cartier R-divisors. In particular B num (γ) = ∅. Let m 0 ≫ 0 be such that Lemma 5.3 holds for all
We claim that, for all 1
In fact let x ∈ X. By Lemma 5.3 we have that for a general choice of divisors − q) A)) = 0 for every q > 0 and for all 1 ≤ i ≤ p and therefore O Y ′ i (±V i )(m 1 A) is 0-regular, whence globally generated for all 1 ) are globally generated line bundles in a neighborhood of x and therefore we can find e
and assume that |ε i | < δ for all 1 ≤ i ≤ p. Let s := #{i ∈ {1, . . . , p} : ε i < 0} and set A ′ = ( c 2 ) 1 n−k A. Then, using (5.2) and (5.3), we can write
where the first sum is empty if s = 0 and the second sum is empty if s = p. Since [(A ′ ) n−k ] is intersection of n − k ample R-Cartier R-divisors, and B num (β) = B num (γ) = ∅, by Lemma 4.1(ii) we see that (5.1) will be proved as soon as we show that
On the other hand, the latter clearly holds, again by Lemma 4.1(ii), since, by (5.4), we can write c 4s
for all i such that ε i < 0 and c 4(p − s)
for all i such that ε i ≥ 0, observing that c 4s + ε i m > 0 and c 4(p − s) − ε i m > 0 by the choice of δ.
The cone of numerically semiample cycles
It is clear that if α ∈ P k (X), then B num (α) = ∅. This allows to introduce a larger cone.
Definition 6.1. The cone of numerically semiample cycles is
It follows by Lemma 4.1 that N SA k (X) is a convex cone. The first consequence of Theorem 1 is the following.
Lemma 6.2. We have Int(N SA k (X)) ⊆ P k (X) ⊆ N SA k (X). Moreover, if X is smooth and k < n 2 + 1 or k = n − 1, then P k (X) is the interior of N SA k (X) and P k (X) = N SA k (X). Proof. By Lemma 4.1(ii) we have that P k (X) ⊆ N SA k (X). Let α ∈ Int(N SA k (X)) and let A be an ample Cartier divisor. Then there exists an ε > 0 such that α − ε[A n−k ] ∈ N SA k (X) and setting β = α − ε[A n−k ] we get that B num (β) = ∅ and α = [(ε 1 n−k A) n−k ] + β ∈ P k (X). Now suppose that X is smooth and k < n 2 + 1 or k = n − 1. By Theorem 1 we get that P k (X) ⊆ Int(N SA k (X)), whence we have equality. Finally P k (X) = N SA k (X) follows because N SA k (X) is a convex cone.
We record some general properties of these cones.
Remark 6.3.
(i) P k (X) and N SA k (X) are convex salient cones;
(ii) N SA k (X) is not, in general, neither open nor closed.
Proof. We have already seen, in Theorem 1 and after definition 6.1, that P k (X) and N SA k (X) are convex cones. Now let α ∈ N SA k (X) and assume that also −α ∈ N SA k (X ] ≥ 0, so that α · [A n−k ] = 0 and therefore e = 0. This gives (i). To see (ii) take a nef non semiample divisor D on a smooth surface X with q(X) = 0, such as in Zariski's example [Z] , [Laz, Example 2.3A] . Then [D] ∈ N SA 1 (X) but B num ([D]) = B(D) = ∅, so that [D] ∈ N SA 1 (X). Hence N SA 1 (X) is not closed. Now take a semiample non big divisor D on some smooth surface X. Then B num ([D]) = ∅ so that [D] ∈ N SA 1 (X), but [D] is not in the interior of N SA 1 (X), for otherwise, by Lemma 6.2, [D] ∈ P 1 (X), so that D is big. Therefore N SA 1 (X) is not open. Lemma 6.4. We have (i) P k (X) ⊆ Big k (X) and P k (X) ⊆ Eff k (X); (ii) Assume that Eff k (X) ⊆ N SA k (X) (for example if X is an abelian or homogeneous variety). Then P k (X) = Big k (X) and P k (X) = Eff k (X); (iii) In general, if X is smooth, P k (X) ⊆ Nef k (X).
Proof. To see (i) let α ∈ P k (X). Then there exist ample R-Cartier R-divisors A 1 , . . . , A n−k and β ∈ N k (X) such that B num (β) = ∅ and α = [A 1 · · · A n−k ] + β. Pick e ∈ Z k (X) R such that e is effective and [e] = β. As in [FL2, Lemma 2.12] we have that [A 1 · · · A n−k ] is big, whence α ∈ Int(Eff k (X)) + Eff k (X) ⊆ Int(Eff k (X)) = Big k (X) and (i) follows.
To see (ii) let α ∈ Big k (X). Then, given an ample Cartier divisor A on X, there is an ε > 0 such that α − ε[A n−k ] ∈ Eff k (X), whence α ∈ P k (X). This gives (ii). Now let X be the blow-up of a smooth variety of dimension n ≥ 3 at a point and let E ⊂ X be the exceptional divisor, so that E ∼ = P n−1 . Let β ∈ N 1 (X) be the class of a line in E so that β.E = −1 and B num (β) = ∅. Let A be an ample Cartier divisor on X and let m ≫ 0 be such that ( 1 m [A n−1 ] + β).E < 0. Then α = 1 m [A n−1 ] + β ∈ P 1 (X) \ Nef 1 (X). It is clear that, in general, the inclusions in Lemma 6.4(i) can be strict. For example if X is smooth we have by Lemma 3.2(i) that P n−1 (X) = Amp(X) whence we can have strict inclusions.
Remark 6.5. Using Grasmannians and the example in the proof of Lemma 6.4(iii) it is easy to see that, in general, P k (X) is not contained, neither contains the positive cones defined in [FL1] . It would be nice to understand the relation between P k (X) and the cone generated by ample subschemes. Since ample lci subschemes are nef [O1, §4] , it follows that in general P k (X) is not contained in the cone generated by ample lci subschemes. 
. This proves (iii). Finally assume that X is smooth, k < n 2 + 1 or k = n − 1 and let α ∈ P k (X). Let β m ∈ P k (X) be such that α = lim m→∞ β m .
Let A 1 , . . . , A n−k be any ample R-Cartier R-divisors on X. Then [A 1 · · · A n−k ] ∈ P k (X), whence, by Theorem 1, for m ≫ 0 we have that
But then
by Lemma 6.2 and therefore B num (α + [A 1 · · · A n−k ]) = ∅. Hence B − (α) = ∅ and (iv) is proved.
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More properties of base loci of cycles
When X is smooth and k < n 2 + 1 or k = n − 1, we can give more results. First, Proposition 4.3 can be improved as follows.
Proposition 8.1. Assume that X is smooth, k < n 2 + 1 or k = n − 1 and let α ∈ N k (X). Then there is an ε α > 0 such that
for every β ∈ N k (X) such that ||β|| < ε α and
for every A 1 , . . . , A n−k ample R-Cartier R-divisors on X such that ||[A 1 · · · A n−k ]|| < ε α .
Proof. By Definition 1.1 there are ample R-Cartier R-divisors A i1 , . . . , A i,n−k , 1 ≤ i ≤ s such that
For all 1 ≤ i ≤ s, [A i1 · · · A i,n−k ] ∈ P k (X), whence, by Lemma 6.2, there is an ε α > 0 (independent of i) such that [A i1 · · · A i,n−k ] − β ∈ N SA k (X) for every β ∈ N k (X) such that ||β|| < ε α . Then, using Lemma 4.1(ii), we have
Now if A 1 , . . . , A n−k are ample R-Cartier R-divisors on X such that ||[A 1 · · · A n−k ]|| < ε α , then, by definition, B + (α) ⊆ B num (α − [A 1 · · · A n−k ]), giving the other inclusion.
Corollary 8.2. Assume that X is smooth and k < n 2 + 1 or k = n − 1. Let α ∈ N k (X) and let ε α be as in Proposition 8.1. Then B + (α − β) ⊆ B + (α) for every β ∈ N k (X) such that ||β|| < ε α and equality holds if β = [A 1 · · · A n−k ] where A 1 , . . . , A n−k are ample R-Cartier R-divisors on X.
Proof. Let β ∈ N k (X) be such that ||β|| < ε α . Pick A ′ 1 , . . . , A ′ n−k ample R-Cartier R-divisors on X such that ||[A ′ 1 · · · A ′ n−k ]|| < min{ε α − ||β||, ε α−β }. Then B + (α − β) = B num (α − β − [A ′ 1 · · · A ′ n−k ]) by Proposition 8.1. On the other hand, ||β + [A ′ 1 · · · A ′ n−k ]|| < ε α , whence B num (α − β − [A ′ 1 · · · A ′ n−k ]) ⊆ B + (α) again by Proposition 8.1 and therefore B + (α − β) ⊆ B + (α). Now if β = [A 1 · · · A n−k ] where A 1 , . . . , A n−k are ample R-Cartier R-divisors on X such that ||β|| < ε α , then, by Proposition 8.1 and Lemma 4.2
The following is the analogue of [ELMNP1, Prop. 1.21].
Proposition 8.3. Assume that X is smooth and k < n 2 + 1 or k = n − 1, let α ∈ N k (X) and let ε α be as in Proposition 8.1. Then B − (α − [A 1 · · · A n−k ]) = B + (α − [A 1 · · · A n−k ]) = B + (α) for every A 1 , . . . , A n−k ample R-Cartier R-divisors on X such that ||[A 1 · · · A n−k ]|| < ε α .
Proof. For i = 1, . . . , n − k, let A ′ i = ( 1 2 ) 1 n−k A i and let β = 1 2 [A 1 · · · A n−k ] = [A ′ 1 · · · A ′ n−k ]. Then Corollary 8.2, Proposition 4.6 and Lemma 4. 
Stable cycles
In [ELMNP1, §1] stable divisors were defined and studied. We prove some analogues for cycles.
Definition 9.1. Let α ∈ N k (X). We say that α is stable if B − (α) = B + (α).
